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Introduction
One of the most important inequalities in mathematics and statistics is the Jensen inequality (see [[1] , p.43]). Theorem 1.1. Let I be an interval in ℝ and f : I ℝ be a convex function. Let n ≥ 2, x = (x 1 , ..., x n ) I n and p = (p 1 , ..., p n ) be a positive n-tuple, that is, such that p i >0 for i = 1, ..., n. Then
Where
If f is strictly convex, then inequality (1) is strict unless x 1 = ... = x n . The condition "p is a positive n-tuple" can be replaced by "p is a non-negative ntuple and P n >0". Note that the Jensen inequality (1) can be used as an alternative definition of convexity.
It is reasonable to ask whether the condition "p is a non-negative n-tuple" can be relaxed at the expense of restricting x more severely. An answer to this question was given by Steffensen [2] (see also [[1] , p.57]). Theorem 1.2. Let I be an interval in ℝ and f : I ℝ be a convex function. If x = (x 1 ,
..., x n ) I n is a monotonic n-tuple and p = (p 1 , ..., p n ) a real n-tuple such that
is satisfied, where P k are as in (2) , then (1) holds. If f is strictly convex, then inequality (1) is strict unless x 1 = ... = x n .
Inequality (1) under conditions from Theorem 1.2 is called the Jensen-Steffensen inequality. A refinement of the Jensen-Steffensen inequality was given in [3] (see also [[1] , p.89]). Theorem 1.3. Let x and p be two real n-tuples such that a ≤ x 1 ≤ ... ≤ x n ≤ b and (3) hold. Then for every convex function f :
holds, where
P k are as in (2) and
Note that the function G n defined in (6) is in fact the difference of the right-hand and the left-hand side of the Jensen inequality (1) .
In this paper, we present a new refinement of the Jensen-Steffensen inequality, related to Theorem 1.3. Further, we investigate the log-convexity and the exponential convexity of functionals defined as differences of the left-hand and the right-hand sides of these inequalities. We also prove monotonicity property of the generalized Cauchy means obtained via these functionals. Finally, we give several examples of the families of functions for which the obtained results can be applied.
In what follows, I is an interval in ℝ, P k are as in (2) andP k are as in (7). Note that if (3) is valid, sinceP k = P n − P k−1 , it follows thatP k satisfy (3) as well.
New refinement of the Jensen-Steffensen inequality
The aim of this section is to give a new refinement of the Jensen-Steffensen inequality. In the proof of this refinement, the following result is needed (see
Proposition 2.1. If f is a convex function on an interval I and if
If the function f is concave, the inequality reverses.
The main result states. Theorem 2.2. Let x = (x 1 , ..., x n ) I n be a monotonic n-tuple and p = (p 1 , ..., p n ) a real n-tuple such that (3) holds. Then for a convex function f : I ℝ we havē
wherē
For a concave function f, the inequality signs in (9) reverse. Proof. The claim is that for a convex function f,
holds for every k = 2, ..., n. This inequality is equivalent to
If x is increasing then x n−k+1 ≤x n−k+1 , while if x is decreasing then x n−k+1 ≥x n−k+1 for every k. Furthermore, without loss of generality, we can assume that x is strictly monotonic and that 0 < P k < P n for k = 1, ..., n -1. Now, applying (8) for a convex function f when x is strictly increasing yields inequality
while if x is strictly decreasing we get inequality
both of which are equivalent to (12). If f is concave, the inequalities reverse. Thus, the proof is complete. □ Remark 2.3. A slight extension of the proof of Theorem 1.3 in [3] shows that Theorem 1.3 remains valid if the n-tuple x is assumed to be monotonic instead of increasing. The proof is in fact analogous to the proof of Theorem 2.2.
Let us observe inequalities (4) and (9). Motivated by them, we define two functionals f is convex on I, then Theorems 
where f 0 (x) = x 2 .
Proof. Analogous to the proof of Theorem 2.3 in [4] . □ Theorem 2. 
Proof. Analogous to the proof of Theorem 2.4 in [4] . □ Remark 2.6. If the inverse of the function f"/g" exists, then (16) gives
3. Log-convexity and exponential convexity of the Jensen-Steffensen differences 
holds for every n N, a i ℝ and x i I, i = 1, ..., n.
Corollary 3.2. If h is exponentially convex, then the matrix
is a positive semi-definite matrix. Particularly,
≥ 0 for every n ∈ N, x i ∈ I, i = 1, . . . , n. provided that f″ exists. Next, we study the log-convexity and the exponential convexity of functionals Φ i (i = 1, 2) defined in (13) and (14). (i) The function s ↦ Φ i (x, p, f s ) is log-convex in J-sense on I.
(ii) If the function s ↦ Φ i (x, p, f s ) is continuous on I, then it is log-convex on I.
(iii) If the function s ↦ Φ i (x, p, f s ) is differentiable on I, then for every s, q, u, v I such that s ≤ u and q ≤ v, we have
where
and Ξ is the family functions f s belong to. Proof. (i) For a, b ℝ and s, q I, we define a function
Applying Lemma 3.4 for the function s ↦ [y 0 , y 1 , y 2 ; f s ] which is log-convex in J-sense on I by assumption, yields that
which in turn implies that g is a convex function on I and therefore we have
Now using Lemma 3.4 again, we conclude that the function s ↦ Φ i (x, p, f s ) is logconvex in J-sense on I.
(ii) If the function s ↦ Φ i (x, p, f s ) is in addition continuous, from (i) it follows that it is then log-convex on I.
(iii) Since by (ii) the function s ↦ Φ i (x, p, f s ) is log-convex on I, that is, the function s ↦ log Φ i (x, p, f s ) is convex on I, applying (8) we get
for s ≤ u, q ≤ v, s ≠ q, u ≠ v, and therefore conclude that
If s = q, we consider the limit when q s in (21) and conclude that
The case u = v can be treated similarly. □ is a positive semi-definite matrix for i = 1, 2. Particularly,
(ii) If the function s ↦ Φ i (x, p, f s ) is continuous on I, then it is also exponentially convex function on I.
(iii) If the function s ↦ Φ i (x, p, f s ) is positive and differentiable on I, then for every s, q, u, v I such that s ≤ u and q ≤ v, we have
where and so we conclude that g is a convex function. Now we have
which is equivalent to n j,k=1 (ii) If the function s ↦ Φ i (x, p, f s ) is continuous on I, then from (i) and Proposition 3.1 it follows that it is exponentially convex on I.
(iii) If the function s ↦ Φ i (x, p, f s ) is differentiable on I, then from (ii) it follows that it is exponentially convex on I. If this function is in addition positive, then Corollary 3.3 implies that it is log-convex, so the statement follows from Theorem 3.6 (iii). □ Remark 3.8. Note that the results from Theorem 3.6 still hold when two of the points y 0 , y 1 , y 2 [a, b] coincide, say y 1 = y 0 , for a family of differentiable functions f s such that the function s ↦ [y 0 , y 1 , y 2 ; f s ] is log-convex in J-sense on I, and furthermore, they still hold when all three points coincide for a family of twice differentiable functions with the same property. The proofs are obtained by recalling Remark 3.5 and taking the appropriate limits. The same is valid for the results from Theorem 3.7.
Remark 3.9. Related results for the original Jensen-Steffensen inequality regarding exponential convexity, which are a special case of Theorem 3.7, were given in [6] .
Examples
In this section, we present several families of functions which fulfil the conditions of Theorem 3.7 (and Remark 3.8) and so the results of this theorem can be applied for them. 
